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We generalize the theory of Cooper pairing by spin excitations in the metallic antiferromagnetic
state to include situations with electron and/or hole pockets. We show that Cooper pairing arises
from transverse spin waves and from gapped longitudinal spin fluctuations of comparable strength.
However, each of these interactions, projected on a particular symmetry of the superconducting
gap, acts primarily within one type of pocket. We find a nodeless dx2−y2 -wave state is supported
primarily by the longitudinal fluctuations on the electron pockets, and both transverse and longitu-
dinal fluctuations support nodeless odd-parity spin singlet p−wave symmetry on the hole pockets.
Our results may be relevant to the asymmetry of the AF/SC coexistence state in the cuprate phase
diagram, as well as for the “nodal gap” observed recently for strongly underdoped cuprates.
PACS numbers: 74.72.Ek, 75.30.Fv, 75.10.Lp
In contrast to the hole-doped cuprates, where quasi
long-range static (pi, pi) antiferromagnetic (AF) order co-
exists with superconductivity (SC) only in the presence
of disorder, electron-doped cuprates have a robust ho-
mogeneous AF-SC coexistence phase[1, 2]. This coexis-
tence has been studied theoretically mostly with phe-
nomenological interactions leading to the AF and SC
order[3–11]. However, the microscopic foundation of the
instability of the AF phase to superconductivity due to
pairing by itinerant electronic excitations is partially un-
derstood, thanks to early works by Schrieffer, Wen and
Zhang[12], who generalized the theory of spin fluctuation
pairing in weakly interacting Fermi liquids[13] and AF
correlated metals[14] to the magnetically ordered phase.
For example, while one might expect that low-energy AF
spin waves could contribute substantially to pairing, it
is known that the pairing vertex obeys a Ward identity,
which prevents its divergence at the ordering wave vector,
a property which is known as the Adler principle. Later,
it was shown [16–20] that the net contribution of spin
waves to the pairing vertex in the hole-doped systems
was of the same order as that of longitudinal (gapped)
spin and charge fluctuations. The original work of Schri-
effer et al., Ref.12 and subsequent developments for hole-
doped cuprates using a single band described by nearest-
neighbor hopping t near half-filling, leading to a situation
where only isolated Fermi hole pockets are formed near
(pi/2, pi/2) in the AF state.
In the present paper we discuss the effect of the Fermi
surface geometry on the coexistence of superconductiv-
ity and antiferromagnetism by by projecting the effective
spin-fluctuation interaction onto low-order circular har-
monics of the existing Fermi pockets, following the proce-
dure proposed by Maiti et al.[21] For the hole doped case,
we find that the leading eigenvector of the linearized gap
equation in the spin singlet channel has odd parity p-wave
symmetry, while in the case of electron doping, dx2−y2 -
wave pairing is strongly favored. Our findings have clear
relevance for the topology of the overall phase diagram in
the weak-coupling picture of the cuprates: since dx2−y2
Cooper-pairing is suppressed by magnetic order only on
the hole doped side, it is easy to understand why coexis-
tence of AF and SC is found only upon electron doping.
In addition, the states we find on both sides are nodeless
in the limit of small pockets, in agreement with recent
ARPES experiments on strongly underdoped hole-doped
systems which have observed a nodeless superconduct-
ing state in samples which coexist with quasi-long range
antiferromagnetic order[22].
The commensurate AF state is treated in mean field
for the single-band Hubbard model
H =
∑
kσ
εkc
†
kσckσ +
∑
k,k′,σ
Uc†kσck+Qσc
†
k′+Qσ¯ck′σ¯ (1)
on the square lattice with εk = −2t(cos kx + cos ky) +
4t′ cos kx cos ky − µ, with t and t′ the nearest and next
nearest hoppings. After decoupling the second term via
a mean-field (MF) approximation and diagonalizing the
resulting Hamiltonian via unitary transformation, we ob-
tain two electronic bands (labeled α and β) in the re-
duced Brillouin zone (RBZ) with dispersions Eα,βk = ε
+
k±√(
ε−k
)2
+W 2 where W = U/2
∑
k′,σ〈c†k′+Q,σck′,σ〉sgnσ
is the AF order parameter, determined self-consistently
for a given U , and ε±k = (εk ± εk+Q) /2. For complete-
ness, one also has to include the self-consistent determi-
nation of the chemical potential.
A typical Fermi surface in the AF metal for the case
of electron doping is then shown in Fig. 1. Note that for
small electron doping only electron pockets at (±pi, 0)
and (0,±pi) are present, while for hole doping only hole
pockets around (±pi/2,±pi/2) can occur. For interme-
diate values of electron doping and finite temperatures
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2FIG. 1. (Color online) General structure of the Fermi surface
topology in the commensurate AF state in layered cuprates
for electron or hole doping. The presence of the hole pock-
ets centered around (±pi/2,±pi/2) points of the BZ and the
electron pockets around (±pi, 0) and (0,±pi) points of the BZ
depend on the type (electron or hole) and amount of doping.
both type of pockets can appear.
The effective Hamiltonian in the paramagnetic state
H = Hc+Hz+H± is obtained by summing all RPA type
processes in the charge, longitudinal spin and transverse
spin-fluctuation channels,[12]
Hc = 1
4
∑
k,k′,q
[2U − V ck−k′ ]c†k′s1c
†
−k′+qs2c−k+qs2cks1 ,
Hz = −1
4
∑
k,k′,q
V zk−k′σ
3
s1,s2σ
3
s3,s4c
†
k′s1c
†
−k′+qs3c−k+qs4cks2 ,
H± = −1
4
∑
k,k′,q
V ±k−k′(σ
+
s1,s2σ
−
s3,s4 + σ
−
s1,s2σ
+
s3,s4)
× c†k′s1c
†
−k′+qs3c−k+qs4cks2 , (2)
where the interactions are expressed in terms of the var-
ious components of the magnetic susceptibility as V c =
U2χ00
1+Uχ00
, V z =
U2χz0
1−Uχz0 and V
± = U
2χ±0
1−Uχ±0
.
We now perform a change of basis to the eigenstates
of the AF state, the so-called α and β bands[9]. The cor-
responding effective intraband (αα or ββ interactions in
the singlet and triplet channels Γ0(k, k
′) and Γz,±(k, k′))
are expressed as Γ0 = Γρ−Γzs−2Γ⊥s , Γz1 = Γρ−Γzs+2Γ⊥s ,
Γx,y1 = Γρ+Γ
z
s, in terms of the charge and spin projected
vertices
Γρ(k,k
′) = [2U − V ck−k′ ]l2 − [V zk−k′+Q]m2
Γzs(k,k
′) = [2U − V ck−k′+Q]m2 − [V zk−k′ ]l2
Γ⊥s (k,k
′) = −[V ±k−k′ ]n2 + [V ±k−k′+Q]p2. (3)
Here, the coherence factors induced by the unitary trans-
formations are given by u2µ = (m
2, l2, p2, n2), with µ =
1, 2, 3, 4, u2µ(k, k
′) = 12
(
1+(−)µ ε
−
k ε
−
k′+νµW
2
(
√
(ε−k )
2+W 2
√
(ε−
k′ )
2+W 2
)
,
and νµ = (−1, 1, 1,−1). There are also interband
(α†α†ββ + h.c.) pair scattering interactions Γ′0 and
Γ
z,x/y
1
′ which are identical in form to the intraband ver-
tices with m2 ↔ n2 and p2 ↔ `2. Note that in the
AF state there is also some mixture of the spin singlet
and spin triplet Cooper-pairing in the sense that Umk-
lapp Cooper-pairs 〈ck,↑c−k−Q,↓〉 in the spin triplet (Γx/y1 )
channel do contribute to the spin singlet Cooper-pairing
below TN . [23]
An important property of the spin singlet and oppo-
site spin triplet Cooper-pairing in the AF background
is that the fluctuation exchange pairing potentials have
the symmetry Γ0(k− k′ +Q) = −Γ0(k− k′) which is
also fulfilled for transverse and longitudinal part of the
fluctuations separately. This requires that any solution
for the superconducting gap function to change sign for
k → k+Q[12]. This yields extended s-wave symmetry
when the gap changes sign across the RBZ boundary or
d−wave symmetry which in this case satisfies the con-
dition Γ0(k− k′ +Q) = −Γ0(k− k′) without any gap
nodes at the RBZ boundary. This property of the poten-
tial in the AF background excludes isotropic s-wave as
well as dxy symmetries of the superconducting gap, since
these wave functions do not fulfill this property of the
pairing potential. The equal spin triplet vertices obey an
analogous sublattice symmetry without the sign change,
Γx,y1 (k− k′ +Q) = Γx,y1 (k− k′).
It is important to note that there are clearly two differ-
ent contributions to Cooper pairing for low frequencies.
The first arises from the transverse fluctuations which
are dominated by the spin waves at the antiferromag-
netic momentum, and the second is a combination of the
longitudinal spin and charge fluctuations. To analyze the
dominant instabilities further, we study both small elec-
tron and hole doping.
To proceed analytically, we assume small sizes of the
electron and hole pockets and expand the pairing inter-
actions including the AF coherence factors as well as
the possible superconducting gaps, extended s-wave with
cos kx+cos ky, dx2−y2-wave with cos kx−cos ky, and odd
parity p−wave with sin kx [sin ky] dependence, respec-
tively, around the corresponding momenta. Furthermore,
we assume the pockets to be circular and expand the in-
teraction in terms of angular harmonics up to order k2F ,
writing them in terms of the cosnθ and cosnφ where the
angles θ and φ are defined in Fig.1. Note that deviation
of pockets from being circular will enhance the corre-
sponding higher order angular harmonics terms in the
interaction but will not change the overall gap structure
itself.
Taking into account the symmetry of the pairing inter-
action on the background of the AF state in the reduced
Brillouin zone, it is sufficient to consider only three pock-
ets, one electron pocket which we choose to lie at (pi, 0)
and two hole pockets which we take at (pi/2, pi/2) (h1)
3and (−pi/2, pi/2) (h2). All others are automatically in-
cluded by performing the angular integration over the
angles and bearing in mind the properties of the pairing
potential and gap under k → k + Q. In particular, for
extended s-wave symmetry we find
∆sh1(θ) = ∆
s
h cos θ, ∆
s
h2(θ) = ∆
s
h sin θ,
∆se(φ) = ∆
s
e cos 2φ (4)
where the angles are all measured relative to the same
fixed direction, as defined in Fig. 1 . Eq. (4) shows
that the gap has generally nodes on both electron and
hole pockets. In addition the gap on the electron pocket
has cos 2φ dependence as a result of the expansion of the
cos kx + cos ky wave function around (pi, 0).
For the dx2−y2 channel, the expansion gives the follow-
ing form of the gaps on the electron and hole pockets
∆dh1(θ) = ∆
d
h sin θ, ∆
d
h2(θ) = ∆
d
h cos θ
∆de(φ) = ∆
d
e(1 + α
d
e cos 4φ) (5)
Here, the gap on the hole pockets is nodal, while on the
electron ones the first term is a constant.
Finally, we note the unusual possibility of nodeless
odd-parity p-wave pairing for the hole pockets in the
antiferromagnetic background within the singlet Cooper
channel[12] which arises due to the combination of spin-
rotational and translational symmetry breakings. In this
case the gap may be expanded around the hole pockets
∆ph1(θ) = ∆
p
h(1 + α
p
h cos 2θ)
∆ph2(θ) = ±∆ph(1 + αph cos 2θ)
(6)
The ± sign refers to two distinct p-wave states, with signs
+ +−− or +−−+ on hole pockets h1, ..., h4.
In a similar fashion, we now expand the effective pair-
ing interaction in the transverse and longitudinal chan-
nels, Eq.(3). For the longitudinal channel of the singlet
Cooper-pair scattering V ` ≡ Γρ − Γzs , one finds for the
interaction within hole and electron pockets,
V lh1h1(θ, θ
′) ≈ ch + ah cos θ cos θ′ + bh cos θ cos θ′
+ch(cos 2θ + cos 2θ
′)
V lh2h2(θ, θ
′) ≈ ch + ah sin θ sin θ′ + bh cos θ cos θ′
+ch(cos 2θ + cos 2θ
′)
V lee(φ, φ
′) ≈ ce + de(cosφ cosφ′ + sinφ sinφ′) (7)
where ch ≡ V¯ +
[
V˜ − 2t2V¯W 2
]
khF
2
, ah ≡
[
− V˜ +
4t2V¯
W 2
]
khF
2
, bh = V˜ k
h
F
2
, ch ≡ V¯ + V˜ keF 2, de ≡ V˜ keF 2,
and Y (x) = 4U
χ′′zz(x)Vz(x)
1+Uχzz(x)
(
1 + Vz(x)
2U−2
(1+Uχzz(x))2
)
, V¯ ≡
[Vz(0)− Vc(0) + (Vc(Q)− Vz(Q))], and V˜ ≡ Y (0) −
Y (Q). Note that V¯ is negative (attractive) as Vz(Q)
is the largest term. In both cases, the dominant con-
tribution is given by the attractive constant term ch,e,
independent of the pocket type. In addition, this con-
stant term is almost independent of the pocket size and,
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FIG. 2. (Color online) Comparison of the analytical calcula-
tions up to (keF )
2 for the longitudinal (left panel) and trans-
verse (right panel) pairing potentials, V lee and V
tr
ee on the elec-
tron pockets for the doping level of n = 1.03 (black curves),
together with the full numerical evaluation of Γρ − Γzs , and
−Γ⊥s (blue points). We find ce = −1.534, de = −0.611 and
Ae = −0.308 (in units of t). The red curves denote the fit
when ce, de, and Ae are not computed analytically but fit-
ted to the numerical results with the least square method
(ce = −1.457, de = −0.547 and Ae = −0.339 (in units of t)).
Here, we use U = 1.3875t which gives W = 0.6537t.
therefore, yields the dominant contribution from longi-
tudinal spin fluctuations. Most importantly, it does not
give rise to a conventional s-wave state due to the sub-
lattice symmetry of V (k,k′) mentioned above. Looking
at the expansion of the superconducting gaps, Eqs.(4)-
(6) one sees that the constant term from the longitudinal
spin fluctuations contributes mostly to the dx2−y2 -wave
pairing on the electron pockets, while on the hole pockets
it gives rise to one of the two nodeless odd-parity p-wave
states[12]. For the hole pockets, there is also a subleading
projection onto the extended s-wave state which scales
with the sizes of the hole pockets (khF )
2, but no contri-
bution to this order in the dx2−y2-wave channel.
For the transverse part of the pairing vertex the expan-
sion is more subtle, since the coefficients of the unitary
transformation (p2,n2) are such that for any k′ ≈ k they
tend to zero, as required by the Adler principle. This was
previously taken as an argument to ignore completely
the contributions from the transverse spin susceptibil-
ity at Q[12]. However, later it was realized by several
groups[16–20] that the total pairing vertex in the trans-
verse channel is non-zero as the smallness of p2, n2 is com-
pensated by the diverging denominator of the transverse
part of the spin susceptibility V tr ≡ −2Γ⊥s ∼ χ±RPA, and
overall there is a contribution of the spin waves to the
pairing vertex which is also independent of the sizes of
the electron and hole pockets, similar to the longitudinal
channel. Therefore, to obtain the leading angular har-
monics in the spin singlet pairing channel due to trans-
verse spin fluctuations, we expand both the coefficients of
the unitary AF transformations entering Γ⊥s , as well the
diverging part of the spin susceptibility denominator at
4Q up to q2 and combine them together. The expansion for V tr ≡ −2Γ⊥s then has the following form:
V trh1h1(θ, θ
′) ≈ Ah(1− cos θ cos θ′ + sin θ sin θ′) +Bh(2 + 4 cos θ cos θ′ + cos 2θ + cos 2θ′)
V trh2h2(θ, θ
′) ≈ Ah(1 + cos θ cos θ′ − sin θ sin θ′) +Bh(2 + 4 sin θ sin θ′ − cos 2θ − cos 2θ′)
V tree (φ, φ
′) ≈ Ae
(
1 + cosφ cosφ′ + sinφ sinφ′ − 1
2
(cos 3φ cosφ′ − sin 3φ sinφ′ + cosφ cos 3φ′ − sinφ sin 3φ′)
− cos 2φ cos 2φ′ + sin 2φ sin 2φ′) (8)
where in terms of y = 16N
∑
k
sin2 kx
(
1−6 (ε
−
k
)2
(Eα
k
−Eβ
k
)2
)
− 12 cos2 kx− 12 cos kx cos ky
(Eαk−Eβk )3
− 32(t′)2t2N
∑
k
sin2 kx cos
2 ky
(Eαk−Eβk )3
we have Ah ≡ − 2yW 2 , Bh ≡ V±(0)
(
tkhF
W
)2
, and Ae ≡
− keF 22yW 2 .
An important difference between the transverse fluctu-
ations and the charge and longitudinal spin fluctuations
is that the former contribute mostly to the Cooper pair-
ing for the hole pockets. In particular, the leading spin-
wave contribution to the pairing vertex does not depend
on the sizes of the hole pockets, while around the electron
pockets it is reduced in strength by the smallness of these
pockets, i.e. it vanishes for keF → 0. This indicates that
the longitudinal and transverse spin fluctuations act dif-
ferently in the different parts of the rBZ. While the charge
and longitudinal spin fluctuations contribute equally to
the Cooper-pairing around (pi, 0) and (pi/2, pi/2), the low-
energy transverse fluctuations are most active around
(±pi/2,±pi/2). Furthermore, as both types of fluctuation
do not contribute to the interband Cooper-pair scatter-
ing until higher order in kF , the same remains true also
in the situation when both electron and hole type pockets
are present at the Fermi surface.
To see how the analytical calculations agree with the
full numerical ones, we show in Fig.2 the good agree-
ment of the analytical calculations for the longitudinal
and transverse pairing potentials, V lee and V
tr
ee on the
electron pockets for the doping level of n = 1.03, to-
gether with the numerical evaluation of Γρ−Γzs, and Γ⊥s .
We also compare with a low-order harmonic fit to the nu-
merical results with the coefficients ce, de, and Ae treated
as independent.
Regarding the dominant pairing instability, the situa-
tion is clear for the electron pocket at (pi, 0) by simply
projecting the constant part of the vertex (7) onto the
gaps (4-6). The longitudinal spin fluctuations are at-
tractive and give rise to the dx2−y2−wave symmetry of
the superconducting order parameter which can be ap-
proximated by a constant on the electron pockets with
appropriate sign changes from pocket to pocket enforced
by sublattice symmetry. The first non-vanishing higher
order harmonic is in this case cos 4φ, which can be also
promoted by the longitudinal and transverse spin fluctu-
ations weakened by the (keF )
2 factor.
The situation is more complicated for the hole pock-
ets, where attractive contributions from both longitudi-
nal and transverse channels remain in the limit of small
khF . The largest part of the pairing vertex, which origi-
nates from the transverse spin fluctuations, is attractive
(negative) in both the p- and d−wave symmetry chan-
nels. This leading constant term was compared numer-
ically with the constant term in the longitudinal case
by Frenkel and Hanke[17] and found to be significantly
larger. Nevertheless, it is easy to see from Eq. (8) and
Eqs. (5-6) that if one were to examine the transverse fluc-
tuations alone in this limit, one would reach the conclu-
sion that both p− and d− wave pairings were degenerate.
The existence of the longitudinal fluctuations (constant
term in Eq. (7)), formally of the same order but numer-
ically somewhat smaller, breaks this degeneracy in favor
of the p− wave states for the hole pocket case[24].
In summary, we have discussed the important ways
in which the pairing instability in the AF state differs
between the electron- and hole-doped cases. When long-
range AF order occurs, the fluctuations which generically
lead to d-wave pairing in the paramagnetic state for sys-
tems with a cuprate-like Fermi surface are frozen out. We
have shown that the residual fluctuations turn out to be
quite strong in the case of electron pockets, and remain
constant in the d-wave channel even in the limit of small
pockets (large magnetization). On the other hand, in the
hole-doped case, the pairing due to these residual fluctu-
ations are the strongest in the odd-parity spin singlet p-
wave channel, and are of the same order but numerically
significantly smaller[17] for d-wave symmetry, and much
weaker in the extended s-wave channel. We note that the
triplet p-wave interaction on the hole-doped side, while
attractive, gives rise to nodal p-wave states enforced by
the sublattice symmetry, and are thus less favored than
the singlet nodeless p states we have identified. As noted
above, these nodeless states are also consistent with the
fully gapped state along the nodal direction reported by
several recent ARPES experiments[22].
A full calculation of the microscopic phase diagram re-
5quires a treatment of superconductivity and magnetism
in the ordered state on equal footing, including the renor-
malization of the AF instability in the case TN < Tc,
which is beyond the scope of this work. If our conjec-
ture based on these preliminary findings is correct, how-
ever, the theory provides a natural explanation both of
the robust coexistence of antiferromagnetic order and d-
wave superconductivity on the electron doped side of the
cuprate phase diagram, and of the lack of coexistence
when the system is doped with holes.
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